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Section S1. Optical constants of (C 4 H 9 NH 3 ) 2 PbI 4 thin films Section S2. Calculating normalized intrinsic multipolar emission rates Section S3. Polarization-dependent shoulder emission in related layered lead-halide perovskites Section S4. Photodegradation effects on the multipolar emission energy Section S5. Radiation patterns from oriented multipoles Section S6. TRPL and pump power dependence of multipolar decomposition in thin films Section S7. Temperature dependence of multipolar PL in 2D HOIPs Section S8. Matrix elements of multipolar transitions Section S1 Optical constants of (C 4 H 9 NH 3 ) 2 PbI 4 thin films The (top) real and (bottom) imaginary component of the uniaxial complex refractive index. The in-plane (ordinary) component is shown in blue. The out-of-plane (extraordinary) component is shown in red. Estimated 95% confidence intervals for n e are represented by the red shaded region. The inset shows the excitonic absorption peaks over a narrower range of wavelengths. The approximate 5:1 ratio of IP:OP absorption strengths is consistent with measurements on single-crystals (21) indicating that spincast thin films of BA 2 PbI 4 are structurally similar to single crystals with PbI 4 planes parallel to the substrate.
. PL spectra from a millimeter-scale single crystal of BA 2 PbI 4 (grown using methods specified in ref. (10)) as collected with a 0.75 NA objective (Nikon CFI Plan Fluor 40× 0.75 NA) and different experimental geometries with respect to the crystal. (a) Unpolarized PL spectra from the (solid blue) face of the crystal and from the (dashed red) edge of the crystal. (b) Polarized PL spectra from the edge of the crystal. Electric field polarization conventions are specified in the schematic. Solid blue; perpendicular (⊥) polarizer alignment (electric field perpendicular to lead-iodide layers). Dashed red; parallel (||) polarizer alignment (electric field parallel to lead-iodide layers). The reference unpolarized spectrum is shown as a thin black line. Spectra have been normalized to the 520 nm peak (scale factors specified by colored text in each plot). Optical images of the crystal face and edge are shown in panel (a). Respective scale bars are specified for each visual image. The low-energy peak is observed in the perpendicular alignment because the edge of the crystal naturally has significant scattering texture, as seen in the visual image. 
Section S2 Calculating normalized intrinsic multipolar emission rates
In energy-momentum spectroscopy, the s-or p-polarized PL counts, N s,p (ω, k || ), measured at a given frequency (ω=2πc/λ, where λ is the free-space wavelength) and a given (conserved) in-plane electromagnetic wave momentum, k || =k xx +k yŷ , is given by
Here, the Γ Mo correspond to the photon emission rates of a multipole, M (i.e., ED, MD, EQ), with an orientation (or "configuration", for EQs) o, positioned in the thin film (an inhomogeneous environment), and C exp is a constant accounting for experimental collection efficiencies. As in the manuscript, we focus on in-plane (IP) and out-of-plane (OP) oriented EDs, OP-oriented MDs, and the two degenerate IP transverse EQs (EQ xy and EQ x y ). According to refs (7, 32) , the multipolar emission rates, Γ s,p
Mo (ω, k || ), are related to the intrinsic emission rates, A Mo , in a bulk (infinite) homogeneous medium of refractive index n by the normalized local density of optical states (LDOS), ρ
giving
We allow the intrinsic multipolar emission rates, A Mo , to vary with orientation since it is possible, in general, to have different oriented species (32). However, we will assume A EDx =A EDy and A EQxy =A EQ x y , as necessary for a rotationally invariant system. By absorption-emission reciprocity, the enhanced (or suppressed) emission rate into each mode can be determined by the enhanced (or suppressed) absorption rate for illumination by that modẽ
in which we have defined two multipolar absorption rates analogous to the emission rates: α s,p Mo (ω, k || ) is the absorption rate in the thin film when illuminated by an s-or p-polarized plane wave of frequency ω and IP wave vector k || ; B Mo (ω) is the total absorption rate in a homogeneous environment (i.e., integrated over all electromagnetic modes with wave vector k=|k|=nω/c). Particularlỹ 
S2A ED LDOS Denominators
The numerators for the ED LDOS are readily available in the literature (32) and can be expressed by matrix methods (61). We evaluate the denominators for the three unique dipole orientations using cylindrical coordinates in the variable k || (|k || |=k || ). In projecting the spherical integration surface (radius k=|k|=nω/c) to the circular integration surface over the variable k || (0≤|k || |≤k), we must include a factor of 1/cos θ=k/(k 2 − k 2 || ) 1/2 in the integrand to ensure that all waves carry equivalent power inẑ
where cos φ=k x /k || (0<φ<2π ), and the factor of 2 is included for integration over 0<θ<π/2 to account for the full 4π steradians. Equality of the three integrals is expected on the grounds that the reference space is isotropic. Identical results are obtained by performing integration over spherical coordinates (θ, φ) and eliminating the factor of 1/ cos θ from the integrand.
S2B MD LDOS
The quantities |B s,p i | 2 in the slab (thin film) can be calculated analytically (7). Here we use S-Matrix methods to directly relate these terms to |Ẽ s,p i | 2 . Note that, for a plane wave propagating with a wave vector k, the electric and magnetic fields are related by k × E=ωB. Component by component
To express the fields corresponding to s-and p-polarized plane waves, take k || =k xx =k ||x . With this geometry, E s =E yŷ (B s =B xx + B zẑ ) and E p =E xx + E zẑ (B p =B yŷ ). In the slab (thin film), the total field is comprised of both '+' (upward propagating) and '-' (downward propagating) components. The law of reflection gives (k
s-pol. :
where we have defined E 
The denominators of Eqn. S6 are simply related to the denominators of Eqn. S5 by acknowledging the following relationsb
Therefore, the denominators of Eqn. S6 evaluate to the same values as those of Eqn. S5
which is again just the statement that MDs of all orientations in a homogenous and isotropic environment emit at equal rates.
S2C EQ LDOS
Of interest here are the two distinct EQ terms (EQ xy and EQ x y ). The denominators are equivalent in both cases due to the azimuthal symmetry of the reference system
where we have again evaluated the integral in cylindrical coordinates with the same angle conventions as in the previous section. Other EQ configurations can be analyzed analogously.
For EQ xy , we work out the numerator with k || =k ||x , noting that the only x dependence in the problem is contained in the phase factor exp(ik || x)
, which is equivalent to EQ xy rotated by π/4 radians in-plane, we consider again k || =k ||x and define rotated coordinates x =(x + y)/ √ 2 and y =(x − y)/ √ 2 which are "square" with EQ x y and write the driving term
(Note that this calculation is equivalent to considering EQ xy with an incident wave propagating with
where we have definedẼ 
S2D Producing x-and y-polarized BFP images
With the above expressions, x-and y-polarized 2D BFP radiation profiles for any emitting species (e.g., ED, MD, EQ) are produced by projecting the s-and p-polarized expressions onto a Cartesian basis. Explicitly
Section S3 Polarization-dependent shoulder emission in related layered leadhalide perovskites
S3A Preparation of butylammonium lead-bromide thin film samples
Bromide Ruddlesden-Popper perovskites were prepared via halide substitution of iodide Ruddlesden-Popper perovskites (62). Briefly, the vapor substitution setup of Solis-Ibarra et al. was reproduced with the following modifications: All nitrogen gas lines were purged for 5 min. 1.25 mL of liquid bromine was poured into a 50 mL round-bottom flask and allowed to equilibrate for 2 min. The bromine gas stream was combined with a nitrogen gas stream, leading into a second 50 mL round-bottom flask (the sample chamber). The thin films were suspended over the chamber for 1 min., enabling full reaction with bromine. This procedure is known to preserve the crystallinity and morphology of the initial perovskite sample, and was thus preferred over spin-coating bromide Ruddlesden-Popper perovskites from bromide-containing precursor solutions for this particular study. In both cases, a secondary strong emission peak at high momenta (|k || |>k 0 ) arises in the s-polarized spectrum at an energy ≈90 meV below the primary ED-mediated exciton emission peak. Thin films of butylammonium lead bromide (BA 2 PbBr 4 ) show a polarizationand momentum-dependent emission signature very similar to that observed in thin films of BA 2 PbI 4 (Fig. 1 of the manuscript) . (a) s-Polarized (left) and p-polarized (right) PL spectra collected at |k || |<0.5k 0 (NA=0.5; solid) and |k || |>k 0 (dashed). The EDmediated exciton peak is at 409 nm, as observed in both s-and p-polarized spectra. The s-polarized high-k || spectrum shows a distinct low-energy emission feature centered at 416 nm. PL traces are normalized to be equivalent at the primary exciton peak (409 nm). The difference between |k || |>k 0 |k || |<0.5k 0 s-polarized spectra is shown by the blue filled region. (b) The energy-momentum spectra from which the PL spectra of (a) were taken. (c) s-(left) and p-polarized (right) momentum-space emission profiles taken at λ=409 nm (blue) and λ=416 nm (orange).
. (a-d) (Subpanel descriptions identical to those of Supplementary Fig. S6 .) (e) Momentum-integrated (NA=1.3) s-(black solid) and p-polarized (black dashed) PL spectra. The p-polarized spectrum has been normalized to give a peak height at 520 nm equal to that of the s-polarized spectrum. The difference spectrum is represented by the brown dashed curve. Note that the primary exciton PL peak is at 500 nm. Rigorous multipolar decompositions were not performed on this sample since the optical constants are not well known. Section S4 Photodegradation effects on the multipolar emission energy Figure S9 shows the results of photo-induced degradation studies as described in the Methods section of the manuscript. Here we use a cascaded representation in which the vertical axis represents total illumination exposure times (in units of 100 s), beginning from t=0 (top; illumination 'turned on') and evolving 'downward'. Polarizationand momentum-dependent PL spectra were recorded in 10 s increments, beginning at t=0 and continuing until net PL became negligible. A uniformly-spaced subset of PL spectra are plotted with a zero-point at a height corresponding to the time the exposure was started. (A subtle color gradient is implemented to aid interpretation of the time evolution.) PL spectra are shown for both s-polarization at |k || | > 1.15k 0 (left plots in each subfigure) and ppolarization integrated over NA=1.3 (right plots in each subfigure). In an N 2 environment (Figs. S9a,c) , thin films of BA 2 PbI 4 exhibit high photostability; the PL spectra remained virtually constant for up to several hours of exposure even under significant 25 mW/cm 2 illumination intensities. While the net PL intensity is virtually undiminished with time (vertical axis), we observe a slight blue-shifting of the EQ emission feature with exposure time, as observed in high-k || s-polarized PL spectra (left plots; red dashed lines). The rate of blue-shift increases with illumination intensity. In contrast, the peak wavelength of the ED emission feature remains unchanged (blue dashed lines), as observed in p-polarized spectra (right plots). In air (Figs. S9b,d ), rapidly diminishing PL intensity reflects efficient photo-induced degradation of the thin films, likely caused by the presence of oxygen of water in ambient conditions (63) . From this, we conclude that the observed variation of the multipolar emission energy in similarly prepared samples arises from variations in processing conditions as well as the age of the sample. Note that the degradation observed here is not reversible. .
Fig. S9. Illumination intensity-and environment-dependent evolution of EQ emission in thin films of BA2PbI4.

Section S5 Radiation patterns from oriented multipoles
Here we provide a detailed description of the radiation characteristics of the oriented EDs, MDs, and EQs considered in the manuscript. The multipolar species are described schematically in Fig. S10a -c with accompanying LDOS calculations shown below (Figs. S10e-g ). The experimental 540 nm BFP image is shown in Fig. S10h . In the lower subpanels, s-and p-polarized k || -space linecuts are shown below and to the right of each LDOS image, respectively. For spin-cast films which exhibit rotational symmetry about the z-axis, all IP terms must be included with equal weight. IP EDs ("ED x ") contribute to s-polarized emission, while both IP ("ED y ") and OP ("ED z ") EDs contribute to the p-polarized emission. In contrast, OP MDs ("MD z ") are associated with a circulating IP electric field (blue circular arrow) and thus only produce s-polarized emission. Two distinct IP EQ terms ("EQ xy " and "EQ x y ") must be considered. The individual EQ contributions are illustrated in Fig. S11 ; EQ xy contributes symmetrically to PL along k y =0 and contributes nothing to k x =0. (The k y =0 line cut is functionally identical to that of an out-of-plane MD, as understood by the electric field symmetries associated with the two multipolar species.) The same in-plane EQ rotated by 45
• , EQ x y , is distinct, exhibiting a "four-fold" symmetry in the back focal plane (four equivalent emission maxima, one in each quadrant). Both EQ basis elements must be included in rotationally invariant systems. The various EQ configurations are schematically represented in the center of each BFP image of Figs. S11a-b. The LDOS is presented in arbitrary units, but the relative scaling is retained between Figs. S11a-b. s-pol.
p-pol. 
(a-b) Calculated y-polarized (normalized) LDOS for (a) "EQxy" and (b) "EQ x y ". (c) The sum of the two distinct radiation patterns presented in a-b represents IP EQ radiation from a rotationally invariant system. Section S6 TRPL and pump power dependence of multipolar decomposition in thin films Figure S12 shows TRPL and pump power-dependence studies performed on spin-cast thin films of BA 2 PbI 4 , analogous to Fig. 4 of the manuscript. Thin film measurements presented here were performed at 300 K. To maximize the signal from the 540 nm emission feature, PL was collected at oblique exitance (∼50
• ) with a linear polarizer corresponding to an s-polarized collection configuration. PL spectra (b) show that the 530 nm shoulder grows in relative strength over the 520 nm feature at high momenta. However, the momentum-integrated strength of the ED contribution (black; α ED =0.98±0.04) and the multipolar contribution (brown; α MD =1.05±0.05) are both consistent with a linear pumppower dependence (I PL ∝I exc ), thereby supporting interpretation as excitonic (vs. bi-excitonic) emission. The observed relative increase in shoulder emission strength may thus be a consequence of a redistribution of emission power into higher momenta due to, e.g., pump-dependent changes in the film refractive index.
. The white dashed arrows highlight the two distinct PL peaks as a function of temperature. Notably, the peak wavelength and width of the MD emission feature, attributed to lattice dynamics, is strongly dependent on temperature. In contrast, the ED emission feature, associated with the static structure, is remarkably stable with temperature. This particular data was measured from crystals of (C 8 H 9 NH 3 ) 2 PbI 4 (phenethylammonium lead iodide) due to its enhanced stability with temperature and lack of structural phase transitions in the temperature range of interest.
. 
Section S8 Matrix elements of multipolar transitions
Here we discuss the multipolar optical transition selection rules by describing the initial (CBM) and final (VBM) states in terms of Bloch functions at k=0, with with p-and s-like symmetries, respectively. We refer to this as the "conventional treatment", in analogy with the formalism developed for III-V semiconductors (3), as used in several recent reports (23, 24) . We show that within this treatment MD and EQ transitions are strictly forbidden.
In the presence of spin-orbit coupling (SOC), neither orbital (L) nor spin (S) angular momentum are good quantum numbers, and one instead takes eigenstates of total angular momentum (squared),Ĵ 2 =Ĵ 2 = (L +Ŝ) 2 , and its projection,Ĵ z , along a particular quantization axis: |J, J z (3, 23, 24) . The quantization axis,ẑ, is conveniently taken to be the dimension in which carriers are most strongly confined (e.g., the c-axis in 2D HOIPs or the outof-plane direction for nanoplatelets of 3D HOIPs). In HOIPs, the CBM is associated with the spin-split band with J=1/2 (and L=1). In previous studies, the VBM is treated with an overall s symmetry, and is thus represented by the Bloch function |S (L=0, and thus J=1/2) (22-24). The orthonormal CBM and VBM states within this description are
in which v (c) denotes valence (conduction) band states, and |↑ (|↓ ) is the eigenstate ofŜ with eigenvalue +1/2 (-1/2). |X and |Y correspond to real p-like orbitals (analogous to atomic L=1 orbitals) with symmetry axes along the Cartesian x and y directions, respectively. We have here assumed that the |Z contribution at the CBM is negligible, in accordance with the 2D nature of the orbitals (23). By symmetry considerations, it is immediately apparent that the ED matrix elements, M ED ∝ 1/2, ±1/2|x i |1/2, ±1/2 (i=1,2,3), are in general non-zero since the individual terms S| vx |X c = S| vŷ |Y c =0, thus driving in-plane electric dipole band-to-band transitions in HOIPs. Accounting for electron-hole exchange (i.e., excitons), specific singlet/triplet combinations may become ED-allowed or ED-forbidden, as determined by considering the proper product combinations of states as presented in Eqns. S38-S41; e.g., |ψ c,i |ψ c,j with i and j independently taking the 'values' '+'(=sign(+1)) and '−'(=sign(−1)) (22, 24) (which we henceforth write as i, j=+, −). (Equivalently, there are four distinct matrix elements to consider for the states in Eqns. S38-S41, some of which are zero.)
S8A Magnetic dipole transitions: orbital and spin wavefunction considerations
The MD vector operator is given bym=(e/2mc)(L + 2Ŝ) where e and m are the charge and mass of the particle in question, respectively (47). Our experimental results motivate us, in particular, to inspectm z ∝L z +2Ŝ z , and thus we analyze matrix elements of the form ψ v,i |m z |ψ c,j ∝ ψ v,i | (L z + 2Ŝ z ) |ψ c,j with i, j=+,−. Notice that the orbital components in |ψ v,i and |ψ c,j , as written in Eqns. S38-S41, areL z eigenstates, all terms in which are associated with a single specific value of L (i.e., L=0 for VBM states and L=1, L z =±1 for CBM states). (More generally, all orbital terms exist within a subspace associated with a single specific parity of L; e.g., L=0,2,4,... for VBM states. Terms with L>1, however, are small contributions and rigorously do not affect the conclusions of our following symmetry arguments.) Therefore, all terms ψ v,i |m z |ψ c,j are immediately seen to be zero. Specifically, restraining our attention to L=0 and L=1 leading terms for the VBM and CBM, respectively, Eqns. S38-S39 can be rewritten in terms of spherical harmonics (|l, m l ) where j=+1,−1 and in the final equality we have utilized the orthogonality of the terms with differing L. However, an odd-parity term in the VBM is necessary to generate a non-zerom z matrix element. In particular, sinceL z |S =0, we conclude that odd-parity terms must be included in the VBM in this picture. The preceding arguments remains true even when accounting for excitonic correlations of the electron and hole states, specifically for the 1s exciton state, as this can only introduce a spherically (or, in 2D, circularly) symmetric envelope function to the analysis. That is, the multipolar character of the transition is determined from the underlying electron and hole Bloch states comprising the exciton (22). Note, however, that this selection rule on the Bloch states is reversed for a p-like exciton envelope state. While hydrogenic p-like (e.g., 2p) exciton states typically lie at energies ≈300 meV higher than than the 1s exciton state (22), a p-like exciton configuration with lower energy -in some references referred to as "off-site" self-trapped exciton -may be induced by interactions with antisymmetric lattice distortion, e.g., as in refs. (50, 51).
S8B Magnetic dipole transitions: Group theoretical considerations
Approximating the crystal point group as D 4h (22) and restraining our attention to the Γ-point ( k=0), the MD z operator (∼R z ) transforms according to the irreducible representation A 2g . The in-plane electric dipole operator (∼x, y) transforms as E u . Electron (at the CBM) and hole states (at the VBM) transform as E u and A 1g , respectively. The corresponding s-like envelope function transforms also as A 1g and an in-plane p-like envelope function transforms as E u . The crystal ground state also transforms as A 1g .
Electric dipole transitions w/ s-like exciton envelope: We consider the direct product
Since the result contains the totally symmetric representation A 1g of D 4h , the transition is allowed, which agrees with the discussion above.
Electric dipole transitions w/ p-like exciton envelope
in which the final relation follows simply from the result that the product representation of two irreducible representations, e.g., Γ m and Γ n , contains the totally symmetric representation, Γ 1 (=A 1g ), once if m=n, otherwise the product does not contain Γ 1 (47). Therefore, electric dipole transitions from the p-like exciton state are forbidden.
Magnetic dipole transitions w/ s-like exciton envelope
Magnetic dipole transitions w/ p-like exciton envelope
in which we have again used the result stated after Eqn. S46. In agreement with the discussion in the previous section, we find that that the magnetic dipole transition from the exciton state with p-like envelope is allowed. We also find that the electric dipole transition from this state is forbidden, which may account for the distinct pure-MD character of the 540 nm emission.
